Abstract. We obtain sufficient conditions for an invariant splitting over a compact invariant subset of a C 1 flow Xt to be dominated. In particular, we reduce the requirements to obtain sectional hyperbolicity.
Introduction
The theory of hyperbolic dynamical systems is one of the main paradigm in dynamics. Developed in the 1960s and 1970s after the work of Smale, Sinai, Ruelle, Bowen [32, 31, 11, 12] , among many others, this theory deals with compact invariant sets Λ for diffeomorphisms and flows of closed finite-dimensional manifolds having a hyperbolic splitting of the tangent space. That is, if X is a vector field and X t is the generated flow then we say that an invariant and compact set Λ is hyperbolic if there exists a continuous splitting of the tangent bundle over Λ, T Λ M = E s ⊕E X ⊕E u , where E X is the direction of the vector field, the subbundles are invariant under the derivative DX t of the flow X t DX t · E * x = E * Xt(x) , x ∈ Λ, t ∈ R, * = s, X, u; E s is uniformly contracted by DX t and E u is uniformly expanded: there are K, λ > 0 so that
≤ Ke −λt , x ∈ Λ, t ∈ R.
(1.1)
Very strong properties can be deduced from the existence of a such structure; see for instance [19, 30] . However, since these bundles must be continuous, if Λ has a singularity σ then Λ = {σ}. Weaker notions of hyperbolicity, like the notions of dominated splitting, partial hyperbolicity, volume hyperbolicity and singular or sectional hyperbolicity (for singular flows) have been proposed to try to enlarge the scope of this theory to classes of systems beyond the uniformly hyperbolic ones; see [7] and [2] for singular or sectional hyperbolicity. However, the existence of dominated splittings is the weaker one.
Many researchers have studied the relations of the existence of dominated splittings with other dynamical phenomena, mostly in the discrete time case, such as robust transitivity, homoclinic tangencies and heteroclinic cycles, and also the possible extension of this notion to endomorphisms; see for instance [26, 36, 27, 25, 7, 8, 20] .
However, the notion of dominated splittings deserves attention. Several authors used this notion for the Linear Poincaré flow, see [15, 21, 23] , and this is useful in the absence of singularities, as in [17] . We remark that this flow is defined only in the set of regular points. However, in the singular case, it is a non-trivial question to obtain a dominated splitting for the derivative of the flow, and thus allowing singularities. Indeed, it is difficult to obtain it, from a dominated splitting for the Linear Poincaré Flow. See [16] , for an attempt to solve this, in the context of robustly transitive sets, using the extended Linear Poincaré Flow. Definition 1.1. A dominated splitting over a compact invariant set Λ of X is a continuous DX tinvariant splitting T Λ M = E ⊕ F with E x = {0}, F x = {0} for every x ∈ Λ and such that there are positive constants K, λ satisfying DX t | Ex · DX −t | F X t (x) < Ke −λt , for all x ∈ Λ, and all t > 0.
2)
The purpose of this article is to study the existence of dominated splittings for flows with singularities. In one hand, we study this question in the presence of some sectional hyperbolicity, once that this theory was build to understand flows like the Lorenz attractor, which are the prototype of non-hyperbolic dynamics with singularities, but with robust dynamical properties. On the other hand, we present several examples to clarify the role of the condition on the singularities.
This article is organized as follows. In Section 2, we present definitions and auxiliary results needed in the proof of Theorem A, and some examples showing that the domination condition on the singularities is necessary. In Section 3, we present applications of our main result and more examples implying that these results are not valid for diffeomorphisms. In Section 4, we state and prove the main lemmas and the main theorems. In Section 5, we prove the Theorems A and 2.5. In Section 6, the Theorem B is proved and, finally in Section 7, we demonstrate Theorems C and D.
Statements of the results
Let M be a connected compact finite n-dimensional manifold, n ≥ 3, with or without boundary. We consider a vector field X, such that X is inwardly transverse to the boundary ∂M , if ∂M = ∅. The flow generated by X is denoted by {X t }.
An invariant set Λ for the flow of X is a subset of M which satisfies X t (Λ) = Λ for all t ∈ R. The maximal invariant set of the flow is M (X) := ∩ t≥0 X t (M ), which is clearly a compact invariant set.
A singularity for the vector field X is a point σ ∈ M such that X(σ) = 0. The set formed by singularities is denoted by Sing(X). We say that a singularity is hyperbolic if the eigenvalues of the derivative DX(σ) of the vector field at the singularity σ have nonzero real part.
A compact invariant set Λ is said to be partially hyperbolic if it exhibits a dominated splitting T Λ M = E ⊕ F such that subbundle E is uniformly contracted, i.e. there exists C > 0 and λ > 0 such that DX t | Ex ≤ Ce −λ for t ≥ 0. In this case F is the central subbundle of Λ. We say that a DX t -invariant subbundle F ⊂ T Λ M is a sectionally expanding subbundle if dim F x ≥ 2 is constant for x ∈ Λ and there are positive constants C, λ such that for every x ∈ Λ and every two-dimensional linear subspace L x ⊂ F x one has This is a generalization of hyperbolicity for compact invariant sets with singularities accumulated by regular orbits, since the Lorenz attractor and higher dimensional examples are sectionalhyperbolic [34, 9, 24, 2] and because of the following result whose proof can be found in [25, 7, 2] . Lemma 2.2 (Hyperbolic Lemma). Every compact invariant subset of a sectional-hyperbolic set without singularities is a hyperbolic set.
Given a continuous splitting E ⊕ F over a compact set Λ the angle ∠(E x , F x ) between the fibers at x is defined by
where π(E x ) : T x M → E x is the projection onto E x parallel to F x .
Definition 2.3.
A splitting E ⊕ F = T Λ M of the tangent bundle over an invariant subset has angle uniformly bounded away from zero if the dimensions of the fibers E x , F x are constant for all x in Λ and there exists θ 0 > 0 such that sin
The main result of this paper is the following.
Theorem A. Let Λ be a compact invariant set of X such that every singularity in this set is hyperbolic. Suppose that there exists an invariant splitting of the tangent bundle of Λ, T Λ M = E ⊕ F , with angle bounded away from zero, where E is uniformly contracted, F is sectionally expanding and for some constants C, λ > 0 we have
Remark 1. If the splitting is continuous then, since the subset is compact, we obtain the hypothesis about the angle.
As a corollary, we obtain sufficient conditions to obtain hyperbolicity in the non-singular case using the hyperbolic lemma. Corollary 1. Let Λ be a compact invariant set without singularities for the vector field X. Suppose that there exists a DX t -invariant decomposition of the tangent bundle of Λ, T Λ M = E ⊕ F with angle bounded away from zero, where E contracts and F is sectionally expanding. Then Λ is a hyperbolic set.
We note that in Definition 2.1 domination is required. As a consequence of Theorem A, the domination assumption is only necessary at the singularities, so that we obtain the following equivalent definition of sectional-hyperbolicity. Definition 2.4. A compact invariant set Λ ⊂ M is a sectional-hyperbolic set for X if all singularities in Λ are hyperbolic, there exists an invariant splitting of the tangent bundle on T Λ M = E ⊕ F with angle bounded away from zero and constants C, λ > 0 such that for every x ∈ Λ and every t > 0 we have
−λt for all σ ∈ Λ ∩ Sing(X).
Hyperbolicity versus sectional-expansion.
We present here some motivation for Theorem A. We observe that, for a hyperbolic set, both
Moreover, it is easy to see that a hyperbolic set Λ has no singularities accumulated by regular orbits, except if Λ is composed of a finite number of hyperbolic singularities. Indeed, any singularity σ accumulated by regular orbits on a hyperbolic set Λ would be a discontinuity point for the hyperbolic splitting, due to the absence of the flow direction at σ.
Our next result shows that we cannot have a hyperbolic splitting without the flow direction, unless we restrict ourselves to finitely many singularities, all of them isolated on the nonwandering set.
Theorem 2.5. Let Λ be a compact invariant set of X. Suppose that there exists an invariant decomposition of the tangent bundle T Λ M = E ⊕ F with angle bounded away from zero over Λ and constants C, λ > 0, such that for every x ∈ Λ and all t > 0
Then Λ consists of finitely many hyperbolic singularities.
We cannot replace the assumptions on Theorem 2.5 either by sectional-expansion or by sectionalcontraction, as the following examples show. Example 1. Consider a Lorenz-like singularity σ for a C 1 flow {X t } t∈R on a 3-manifold M , that is, σ is a hyperbolic singularity of saddle-type such that the eigenvalues of DX(σ) are real and satisfy λ 2 < λ 3 < 0 < −λ 3 < λ 1 and λ 1 + λ 2 > 0.
Let E i be the eigenspace associated to the eigenvalue λ i , i = 1, 2, 3, and set E = E 3 and F = E 1 ⊕ E 2 . Then the decomposition is trivially continuous, not dominated (F admits vectors more sharply contracted than those of E) but E uniformly contracts lengths of vectors and F uniformly expands area, that is, F is sectionally-expanded.
Example 2. Consider a hyperbolic saddle singularity, σ, for a C 1 flow {X t } t∈R on a 4-manifold M such that the eigenvalues of DX(σ) are real and satisfy
Let E i be the eigenspace associated to the eigenvalue λ i , i = 1, 2, 3, 4, and set F = E 2 ⊕ E 4 and E = E 1 ⊕ E 3 . Then the decomposition is trivially continuous, not dominated as before, E is uniformly area contracting, since DX −t | E expands area for t > 0; and F is uniformly area expanding. In other words, F is sectionally-expanded and E is sectionally-contracted.
In both examples above we have sectional-expansion and sectional-contraction along the subbundles of a continuous splitting but the splitting is not dominated. These examples involve a trivial invariant set: an equilibrium point. But there are examples with compact invariant sets having singularities accumulated by regular orbits and also with a dense regular orbit; see Subsection 7. This suggests that Theorem 2.5 might be generalized if we assume domination at the singularities of Λ together with sectional-expansion along F and uniform contraction along E over regular orbits. This is precisely the content of Theorem A.
Applications and other examples
To present the next result characterizing sectional-hyperbolic sets through sectional Lyapunov exponents, we first have to present more definitions.
We say that a probability measure µ is X-invariant if µ(X t (A)) = µ(A), for every measurable set A and every t ∈ R. Given a compact X-invariant set Λ we say that a subset Y ⊂ M is a total probability subset of Λ if µ(Y ) = 1 for every X-invariant measure µ supported in Λ.
According to the Multiplicative Ergodic Theorem of Oseledets [5, 6] , there exists a subset R of M with total probability such that for every x ∈ R there exists an splitting of the tangent space
which is DX t -invariant and the following limits, known as the Lyapunov exponents at x, exist
One of these subbundles is given by the flow direction and the corresponding Lyapunov exponent is zero. The functions s and λ i are measurable and invariant under the flow, i.e., s(X t (x)) = s(x) and λ i (X t (x)) = λ i (x) for all x ∈ R and t ∈ R. The splitting (3.1) also depends measurably on the base point x ∈ R. If E is a measurable subbundle of the tangent bundle then by "the Lyapunov exponents of E" we mean the Lyapunov exponents of the nonzero vectors in E.
Given a vector space E, we denote by ∧ 2 E the second exterior power of E, defined as follows.
Moreover, v i ∧ v j can be viewed as the 2-plane generated by v i and v j if i = j; see for instance [5] for more information.
In [3] , a notion of sectional Lyapunov exponents was defined and a characterization of sectionalhyperbolicity was obtained based on this notion. Definition 3.1. [3, Definition 2.2] Given a compact invariant subset Λ of X with a DX t -invariant splitting T Λ M = E ⊕ F , the sectional Lyapunov exponents of x along F are the limits
whenever they exists, where v ∈ ∧ 2 F x − {0}.
As is explained in [3] if
i=1 are the Lyapunov exponents, then the sectional Lyapunov exponents at a point x ∈ R are {λ i (x) + λ j (x)} 1≤i<j≤s(x) . And they represent the asymptotic sectional-expansion in the F direction.
As an application of Theorem A, we have the following result, which is an extension of the main result in [3] assuming continuity of the splitting, instead of a dominated splitting.
Theorem B. Let Λ be a compact invariant set for a X such that every singularity σ ∈ Λ is hyperbolic. Suppose that there is a continuous DX t -invariant splitting
If the Lyapunov exponents in the E direction are negative and the sectional Lyapunov exponents in the F direction are positive on a set of total probability within Λ, then the splitting is dominated and Λ is a sectional hyperbolic set.
In the following, we will give several examples which will clarify the role of the condition on the singularities and the relations between dominated splittings for diffeomorphisms and flows.
Theorem C. There exist the following examples of vector fields and flows:
(1) A vector field with an invariant and compact set containing singularities accumulated by regular orbits inside the set, with a non-dominated and continuous splitting of the tangent space, but satisfying uniform contraction and sectional-expansion. (2) A vector field with an invariant and compact set with a continuous and invariant splitting E ⊕ F such that E is uniformly contracted , F is area expanding but it is not dominated. (3) A suspension flow whose base map has a dominated splitting but the flow does not admit any dominated splitting.
We stress that the item (3) of the theorem is based on a diffeomorphism described in [10] and it was suggested by Pujals in [7, Example B.12] .
An important remark is that our results are not valid for diffeomorphisms, as the following result shows.
Theorem D. There exists a transitive hyperbolic set for a diffeomorphism with a non-dominated splitting which is sectionally-expanding and sectionally-contracting.
Tools
We recall that, for a invertible continuous linear operator L, the minimal norm (or co-norm) is equal to m(L) := L −1 −1 . Hence condition (1.2) in Definition 1.1 is equivalent to
for all x ∈ Λ and for all t > 0.
The following lemma is well-known.
Lemma 4.1. Let Λ be a compact invariant set for X with a continuous invariant splitting
Then this splitting is dominated if, and only if, there is T ∈ Z + for which
We also need the following easy consequence of domination near a saddle-type singularity. Let σ = 0 ∈ R n be a hyperbolic saddle admitting a splitting E σ ⊕ F σ = T σ M of invariant subspaces for a linear map A : R n → R n , which defines a linear vector field. We use the standard Euclidean norm and assume that E σ and F σ are orthogonal. Let also −λ 0 < 0 be the largest eigenvalue of DX | Eσ .
Lemma 4.2. Suppose that there are constants c, λ > 0, for which
for all t > 0. Given a sequence v n of unitary vectors, a strictly increasing sequence τ n ∈ R + of real numbers and a sequence λ n such that λ n → λ 0 and τ n → +∞. And for some fixed constant K > 0 we have
Then every accumulation point of the vectors v n belongs to the subspace E σ .
Proof. Let us assume, by contradiction, that v n is away from E σ for all n ≥ 1, i.e., there exists a > 0 such that we can decompose v n = e n + f n with e n ∈ E σ , f n ∈ F σ , and f n ≥ a e n , for n ≥ 1.
Then
Hence we may find a constant b > 0 such that if n is large enough then
But this inequality implies that, for every n > 0 large enough
so that λ ≤ 0. This contradiction concludes the proof.
The next lemma specifies the subbundle which contains the flow direction.
Lemma 4.3. Let Λ be a compact invariant set for X. Given an invariant splitting E ⊕ F of T Λ M with angle bounded away from zero over Λ, such that E is uniformly contracted, then the flow direction is contained in the F subbundle, for all x ∈ Λ.
Proof. We denote by π(E x ) : T x M → E x the projection on E x parallel to F x at T x M , and likewise π(F x ) : T x M → F x is the projection on F x parallel to E x . We note that for x ∈ Λ
and for t ∈ R, by linearity of DX t and DX t -invariance of the splitting E ⊕ F
Let z be a limit point of the negative orbit of x. That is, we assume without loss of generality since Λ is compact, that there is a strictly increasing sequence t n → +∞ such that lim
is not the zero vector, we get
This is possible only if the angle between E xn and F xn tends to zero when n → +∞. Indeed, using the Riemannian metric on T y M , the angle α(y) = α(E y , F y ) between E y and F y is related to the norm of π(E y ) as follows: π(E y ) = 1/ sin(α(y)). Therefore
for all n ≥ 1. Hence, if the sequence (4.2) is unbounded, then lim n→+∞ α(X −tn (x)) = 0.
However, since the splitting E ⊕ F has angle bounded away from zero over the compact Λ, we have obtained a contradiction. This contradiction shows that π(E x ) · X(x) is always the zero vector and so X(x) ∈ F x for all x ∈ Λ.
We finish this section with a well known property of dominated splittings. Proposition 1. A DX t -invariant splitting E ⊕ F of T Λ M over a compact X-invariant subset Λ having subbundles E and F with constant dimensions, and satisfying the domination condition (1.2) is a continuous splitting.
Proof. See e.g. [7, Appendix B].
Proof of Theorem A and Theorem 2.5
Since we are assuming that the splitting E ⊕ F has subbundles with constant dimension over the compact X-invariant subset Λ, all we need to prove that this splitting is dominated according to Definition 1.1 is to show that it satisfies condition (1.2).
Proof of Theorem A. Arguing by contradiction, let us suppose that the splitting E ⊕ F is not dominated. By Lemma 4.1 and the assumption of domination at the singularities of X in Λ, this is equivalent to say that there exists a regular point x 0 ∈ Λ and a strictly increasing sequence t n → +∞ so that
, where x n := X tn (x 0 ) for all n ≥ 1.
We can choose unitary vectors u n ∈ E x0 , v n ∈ F xn such that
and we also define
Since we have
We know from Lemma 4.3 that 0 = X(x 0 ) ∈ F x0 . On the one hand, if w n is not parallel to X(x 0 ) for infinitely many n k 's, then the 2-plane L n :=< X(x 0 ), w n > defined by the flow direction and w n satisfies
This contradicts the sectional-expansion of area. On the other hand, if there is N ≥ 1 such that w n is parallel to X(x 0 ) for all n ≥ N , then w n = ±X(x 0 )/ X(x 0 ) and we can assume without loss of generality that the sign is always positive. Hence we have
from which we deduce that there exists a singularity σ in ω X (x 0 ) ⊂ Λ. We assume from now on that x n → σ ∈ Λ ∩ Sing(X) and that w n = X(x0) X(x0) for n ≥ 1. The assumption that singularities in Λ are hyperbolic and the properties of the splitting E ⊕ F at singularities ensure that every singularity of Λ is isolated and of saddle-type. Thus by the behavior of the flow near σ (using e.g. Hartman-Grobman's Theorem; see any one of [18, 28, 30] ) we may choose a small cross-section Σ through a point y of the local stable manifold W s loc (σ) such that (see Figure 1) (1) there are no singularities of the flow in Σ; (2) choosing a bigger N > 1 if needed, for every n ≥ N there exists y n ∈ Σ which is "the last point of the orbit of x 0 crossing Σ before x n ", that is ∃s n ∈ (0, t n ) : y n = X sn (x 0 ) ∈ Σ and X [sn,tn] (x 0 ) ∩ Σ = {y n };
Hence we see that y ∈ W s loc (σ) ∩ Λ since Λ is compact, and also X(y) ∈ F y by Lemma 4.3. We now check what happens with the flow from y n to x n for big enough n. Since this piece of orbit is converging to the positive orbit of y ∈ W s loc (σ), if the contraction rate in (5.4) also holds for the orbit of y, then we obtain a contraction rate of a vector converging to F σ which is bigger or equal to the contraction rate of vectors along E σ . This would contradict the assumption that E σ ⊕ F σ is a dominated splitting.
W ( ) σ
For this we use the Chain Rule to divide (5.1) as follows 1 2
We have either
for each n ≥ N . We consider two possibilities.
for infinitely many indexes n, say for a sequence
Under this assumption, we can define u n , v n , w n as before replacing t n by s n k throughout (5.2) and (5.3), and then reobtain (5.4) with y n k replacing x n . This would imply X(y) = lim k→+∞ X(y n k ) = 0, a contradiction.
Hence we are left with the next case. Case B: there exists N 0 > 1 such that B n > 1 √ 2 for all n ≥ N 0 . Arguing as before, we have that
By Hartman-Grobman's theorem, there exist neighborhoods U of σ, V of 0 ∈ T σ M ≈ R n and a homeomorphism h : U → V such that h(X t (z)) = e At h(z) for z ∈ U, t ∈ R satisfying X t (z) ∈ U . We can assume without loss of generality that Σ ⊂ U and the orbit segments X [sn,tn] (x 0 ) are all contained in U . We can also assume without loss of generality that in T σ M the subspaces E σ and F σ are orthogonal with respect to a fixed Euclidean norm | · | on T σ M . The conjugation implies that h is differentiable along the flow direction:
At h(z). Then (5.5) means that
We are ready to use Lemma 4.2. For this we set v n := Ah(y n )/|Ah(y n )|, τ n := t n − s n and λ n = 1 τn log DX tn−sn | Ey n . We have lim sup n→+∞ τ n = +∞ and lim n→+∞ λ n = λ 0 , where λ 0 is the spectral radius of DX | Eσ . We can also take K an upper bound for 2 X(y n ) /|Ah(y n )| which is a convergent sequence. Lemma 4.2 now implies that Ah(y n ) should converge to E σ on T σ M , or that X(y n ) tends to X(y) on E y . But X(y n ) and X(y) all belong to the continuous F subbundle. This contradiction completes the proof of Theorem A.
The proof of corollary 1 follows from theorem A and the hyperbolic lemma.
Proof of Theorem 2.5. We assume, arguing by contradiction, that there exists a point x ∈ Λ \ Sing(X). So x is a regular point for X t , that is, X(x) = 0. Hence Lemma 4.3 ensures that X(x) ∈ F x . But the same Lemma 4.3 applied to the reversed flow X −t generated by the field −X on the same invariant set Λ shows that X(x) ∈ E x . Thus X(x) ∈ E x ∩ F x = { 0}. This contradiction ensures that Λ ⊂ Sing(X). But our assumptions on the splitting show that each σ ∈ Λ is a hyperbolic singularity: the eigenvalues of DX | Eσ are negative and the eigenvalues of DX | Fσ are positive. It is well-known that hyperbolic singularities σ are isolated in the ambient manifold M ; see e.g. [28] . We conclude that the compact Λ is a finite set of hyperbolic singularities.
Proof of Theorem B
We follows the lines of [3] . The following proposition, whose proof can be found in [3] , is the main auxiliary result in the proof.
We fix a compact X t -invariant subset Λ. We say that a family of functions {f t : Λ → R} t∈R is sub-additive if for every x ∈ M and t, s ∈ R we have that f t+s (x) ≤ f s (x) + f t (X s (x)). The Subadittive Ergodic Theorem (see e.g. [35] ) shows that the function f (x) = lim inf t→+∞ ft(x) t coincides with f (x) = lim t→+∞ 1 t f t (x) in a set of total probability in Λ.
Proposition 2. Let {t → f t : Λ → R} t∈R be a continuous family of continuous function which is subadditive and suppose that f (x) < 0 in a set of total probability. Then there exist constants C > 0 and λ < 0 such that for every x ∈ Λ and every t > 0 we have exp(
Remark 2. In [3] only Λ = M (X) was considered to conclude that {X t } t∈R is a sectional-Anosov flow. However all statements are valid for a compact invariant subset of M .
Proof of Theorem B. Define the following families of continuous functions on Λ
Both families φ t , ψ t : Λ → R are easily seen to be subadditive. From Proposition 2 applied to φ t (x) and the hypothesis on the Lyapunov exponents, there are constants C > 0 and γ < 0 such that exp(φ t (x)) = DX t | Ex ≤ C exp(γt) for all t > 0 showing that E is a contractive subbundle. Analogously, the hypothesis on the sectional Lyapunov exponents and Proposition 2 applied to the function ψ t (x) provides constants D > 0 and η < 0 for which ∧ 2 DX −t | F X t (x) ≤ De ηt , so F is a sectionally expanding subbundle. Now Theorem A ensures that the splitting E ⊕ F is a dominated splitting. The compact invariant set W , for the vector field X, formed by the pair of homoclinic connections together with the singularity s admits a splitting E ⊕ F , where E is the vertical direction and F is the plane direction. This splitting is continuous, E is uniformly contracting and F is uniformly area expanding.
Indeed, since we assume that the singularity s expands area, i.e., | det DX t (x)| Lx | ≥ ce λt for all t > 0 and all 2-plane L x ⊂ F x , for some fixed constants c, λ > 0, we can fix a neighborhood U of s such that
whenever the positive orbit of x is contained in U . Now we observe that there exists T > 0 such that for all x ∈ W \ U we have X t (x) ∈ U for all t ∈ R satisfying |t| > T . Hence we can choose
So we can find a constant κ > 0 so that | det DX t (x)| Lx | ≥ κe λt for all x ∈ W and every t ≥ 0. To obtain a non-dominated splitting, just choose the contraction rate along E to be weaker than the contraction rate of the singularity s.
Example 3. Considering, in the previous Item (1), Λ as the union of the saddle s with only one homoclinic connection, we have T Λ M = E ⊕ F a non-dominated continuous splitting over a compact invariant and isolated set containing a singularity of the flow. Moreover, Λ is the α-limit set of all points of the plane R 2 × {0} in the region bounded by the curve Λ except the sink.
Item (2): Consider the flow known as "Bowen example"; see e.g. [33] and Figure 3 . We have chosen to reverse time with respect to the flow studied in [33] so that the heteroclinic connection suggested in the figure, if we impose the condition λ
on the eigenvalues of the saddle fixed points s 1 and s 2 (for more specifics on this see [33] and references therein). In this setting, the saddle singularities s 1 , s 2 are area expanding: | det Dφ t (s i )| grows exponentially with t > 0, i = 1, 2.
We can now embed this system in the 2-sphere putting two sinks at the "north and south poles" of S 2 ; see Let Y be a vector field in S 1 corresponding to the "north-south" system: the corresponding flow has only two fixed points N and S, N is a source and S a sink. We can choose the absolute value of the eigenvalues of Y at N, S to be between the absolute value of the eigenvalues of s 1 , s 2 .
In this way, for the flow {Z t } t∈R associated to the vector field X ×Y on S 2 ×S 1 , the singularities {s i × S} i=1,2 of the invariant set Λ := W × {S} are hyperbolic saddles, and the splitting T Λ (S 2 × S 1 ) = E ⊕ F given by
is continuous, DZ t -invariant, E is uniformly contracted and F is area expanding (by an argument similar to the previous example), but it is not dominated. Example 3 and items (1) and (2) of Theorem C show that Theorem A is false without the dominating condition on the splitting E ⊕ F at the set of singularities within Λ.
Item (3): Now we present a suspension flow whose base map has a dominated splitting but the flow does not admit any dominated splitting.
Let f : T 4 × T 4 be the diffeomorphism described in [10] which admits a continuous dominated splitting E cs ⊕E cu on T 4 , but does not admit any hyperbolic (uniformly contracting or expanding) subbundle. There are hyperbolic fixed points of f satisfying (see Figure 5 ): s q p Figure 5 . Saddles with real and complex eigenvalues.
• dim E u (p) = 2 = dim E s (p) and there exists no invariant one-dimensional sub-bundle of E u (p);
and there exists no invariant one-dimensional sub-bundle of
Hence, the suspension flow of f with constant roof function 1 does not admit any dominated splitting. In fact, the natural invariant splitting E cs ⊕ E X ⊕ E cu is the continuous invariant splitting over T 4 × [0, 1] with bundles of least dimension, and is not dominated since at the point p the flow direction E X (p) dominates the E cs (p) = E s (p) direction, but at the point q this domination is impossible.
We define some auxiliary notions before presenting the proof of Theorem D. Let f : M → M be a C 1 -diffeomorphism and Γ ⊂ M a compact f -invariant set, that is, f (Γ) = Γ. We say that Γ is transitive if there exists x ∈ Γ with dense orbits: the closure of {f n (x) : n ≥ 1} equals Γ. The invariant set Γ is topologically mixing if, for each pair U, V of non-empty open sets of Γ, there exists N = N (U, V ) ∈ Z + such that U ∩ f n (V ) = ∅ for all n > N . We say that Γ is an attracting set if there exists a neighborhood U of Γ in M such that ∩ n≥0 f n (U ) = Γ; in this case we say that U is an isolating neighborhood for Γ. An attractor is a transitive attracting set and a repeller is an attractor for the inverse diffeomorphism f −1 . It is well-known that hyperbolic attractors or repellers can be decomposed into finitely many compact subset which are permuted and each of these pieces is topologically mixing for a power of the original map; see e.g. [30] . Consider a hyperbolic attractor (a Plykin attractor, see [29] ) Γ, with an isolating neighborhood U , defined on the two-dimensional sphere S 2 for a diffeomorphism f : S 2 → S 2 , with a splitting T Γ S 2 = E ⊕F satisfying Df | E ≤ λ s and Df | F ≥ λ u where 0 < λ s < 1 < λ u and λ s ·λ u < 1. Now we consider the following diffeomorphism
where f 1 := f 2 and f 2 := f −1 . We note that Γ 1 := ∩ n≥0 f n 1 (U ) is a hyperbolic attractor with respect to f 1 whose contraction and expansion rates along its hyperbolic splitting T Γ1 S 2 = E 1 ⊕ F 1 are λ is a hyperbolic set for g, whose hyperbolic splitting is given by (E 1 × E 2 ) ⊕ (F 1 × F 2 ). Now we note, on the one hand, that the splitting T Γ M = E ⊕ F with E = E 1 and F = F 1 ⊕ E 2 ⊕ F 2 is not dominated, since the contraction rate along E 2 is stronger than the contraction rate along E 1 , but E is uniformly contracted and F is uniformly sectionally-expanded, since the Lyapunov exponents 2 log λ u , − log λ u , − log λ s are such that each pair has positive sum.
On the other hand, the decomposition T Γ M = T Γ1 S 2 × T Γ2 S 2 = E ⊕ F where E = E 1 ⊕ F 1 and F = E 2 ⊕ F 2 is continuous, since each subbundle is continuous; is also Dg-invariant; but it is not a dominated decomposition. In fact, we have the contraction/expansion rates 0 < λ . Therefore the splitting E ⊕ F cannot be dominated. In addition, as noted above, both Dg −1 | E and Dg | F expand area, so that E is sectionally-contracted and F is secionally-expanded. Finally, since both f 1 | Γ1 and f 2 | Γ2 are topologically mixing, then g | Γ is transitive; see e.g. [35] .
The above example shows that there are transitive hyperbolic sets with a non-dominated, although continuous, splitting satisfying the sectional-expansion and uniform contraction or sectionalcontraction conditions.
